The masses of two-gluon glueballs are studied with a semirelativistic potential model whose interaction is a scalar linear confinement supplemented by a one-gluon exchange mechanism. The gluon is massless but the leading corrections of the dominant part of the Hamiltonian are expressed in terms of a state-dependent constituent gluon mass. The Hamiltonian depends only on three parameters: the strong coupling constant, the string tension, and a gluon size, which removes all singularities in the leading corrections of the potential. Accurate numerical calculations are performed with a Lagrange mesh method. The masses predicted are in rather good agreement with lattice results and with some experimental glueball candidates.
I. INTRODUCTION
The existence of bound states of gluons, called glueballs, is a prediction of the QCD theory. The experimental discovery of such particles would give a supplementary strong support to this theory. But, a reliable experimental identification of glueballs is difficult to obtain, mainly because glueball states might possibly mix strongly with nearby meson states. Nevertheless, the computation of pure gluon glueballs remains an interesting task. This could guide experimental searches and provide some calibration for more realistic models of glueballs.
The potential model, which is so successful to describe bound states of quarks, is also a possible approach to study glueballs. Among the pioneer works using this formalism, the one by Cornwall and Soni is particularly interesting ͓1͔. Assuming a nonrelativistic kinematics and a saturated confinement supplemented by a one-gluon exchange interaction, masses of pure gluon glueballs were computed. However, only the four lightest two-gluon states (0 ϩϩ , 0 Ϫϩ , 1 Ϫϩ , 2 ϩϩ ) were computed and found between 1.2 and 1.8 GeV. Using a similar model, two-gluon glueballs have been studied in Ref. ͓2͔ . The masses of states with Lϭ0, 1, and 2 orbital momentum were computed and several states are found below 3 GeV. Unfortunately, we think that this model suffers from several drawbacks, which spoil any possible physical conclusions. This has been discussed elsewhere ͓3͔. Nevertheless, we think that these drawbacks can be corrected in order to obtain a more reliable potential model.
In this paper, we compute two-gluon glueball masses using various modifications of the potential model obtained two decades ago by Cornwall and Soni. After a critical study of these various models, we conclude that a spectra in rather good agreement with lattice calculations and some experimental glueball candidates can be obtained, provided several conditions are fulfilled: a semirelativistic Hamiltonian is used; the gluon has a finite size, the confinement is a scalar interaction, and a dynamical constituent gluon mass is used in the leading relativistic corrections.
In Sec. II, the Hamiltonian model is presented with the notion of gluon size. Three variants of our model are discussed in Sec. III, and a glueball spectrum is presented. Concluding remarks are given in Sec. IV, and some useful technical details are given in the Appendix.
II. HAMILTONIAN
The two-gluon Hamiltonian contains a kinetic part H 0 , a short-range part V SR due to the one-gluon exchange between the two valence gluons, and a confining interaction V conf , as the model proposed by Cornwall and Soni ͓1͔ HϭH 0 ϩV SR ϩV conf . ͑1͒
Following Refs. ͓1,4͔, there is no constant potential, contrary to usual Hamiltonians for mesons and baryons. This model can be considered with both nonrelativistic ͑Schrödinger equation͒ and semirelativistic ͑spinless Salpeter equation͒ kinematics (បϭcϭ1)
where m K is the effective gluon mass appearing in the free part of the Hamiltonian. If a Schrödinger Hamiltonian is used, it is necessary to verify that, for each glueball state, the quantity ͱ ͗p
where L and S are the usual orbital momentum and spin operators, and where
is the tensor operator. m is an effective gluon mass, which can differ from the mass m K ͑see below͒. The quantity s is, in principle, the square of the glueball mass, but we will always take sϭ4m 2 as it is suggested in Ref.
͓1͔. The parameter is linked to the strong coupling constant ␣ S by the relation ͓5͔
This potential has a priori a very serious flaw: depending on the spin state, the short distance singular parts of the potential may be attractive and lead to a Hamiltonian unbounded from below. We will see in Sec. II C, how to cure this problem.
B. Confinement potential
The dominant part of the interaction between the two gluons is the confinement. As the leading relativistic corrections are taken into account in the short-range part of the interaction, it is natural to keep the same order corrections for the confinement potential. The Lorentz structure of the confining interaction is not well known yet. In this work, we follow the prescription of Ref. ͓6͔: if the radial form ͑static or zero order part͒ of the confinement is W X (r), then the total confinement interaction is written
where the effective mass m is the same as the one appearing in potential ͑3͒. Actually, this form contains only the dominant correction, which is a spin-orbit contribution, and it is only valid for large values of the distance r. But, for our purpose, this approximation is sufficient. The interaction ͑6͒ corresponds to a confinement with a dominant scalar structure ͓7͔. Let us note that the spin-orbit contribution from the confinement counteracts the spin-orbit contribution from the one-gluon exchange and plays an important role in obtaining a spectra in agreement with lattice calculations. Two radial forms W X (r) can be used. In Refs. ͓1,2,8͔, the confinement potential saturates at large distances where a G is the string tension between two gluons and a the usual string tension between a quark and an antiquark. The 9/4 factor is due to the color configuration of the gluons ͓1,2͔. These two potentials coincide at small distances, which implies that
͑9͒
Potential ͑8͒ seems a priori inappropriate because strings joining gluons must always break if a sufficiently high energy is reached. But this phenomenon must only contribute to the masses of the highest glueball states.
C. Gluon size
Within the framework of a potential QCD model, it is natural to assume that a gluon is not a pure pointlike particle, but an effective degree of freedom that is dressed by a gluon and quark-antiquark pair cloud. Such an hypothesis for quarks leads to very good results in the meson ͓9͔ and baryon ͓10͔ sectors. We assume here a Yukawa color charge density for the gluon
where ␥ is the gluon size parameter. The interaction between two gluons is then modified by this density, a bare potential V being transformed into a dressed potential Ṽ . This potential is obtained by a double convolution over the densities of each interacting gluon and the potential. It can be shown that this procedure is equivalent to the following calculation ͓11͔
͑11͒
Convolutions for some useful potentials are given in Appendix A. Other color-charge densities could be used, a Gaussian one for instance ͓10͔. We have nevertheless strong indications that such a change cannot noticeably modify the results ͓12͔. We choose the Yukawa density because all convolutions are analytical with this form.
The convolution ͑11͒ of potential e Ϫmr /r with the color density ͑10͒ removes all singularities in the short-range interaction ͑3͒. For consistency, we apply the same regularization to the confinement potential ͑6͒, although no singularity is present in the radial form W X (r).
III. RESULTS

A. Some general considerations
Nonrelativistic potential models have been intensively used to compute static properties of mesons and baryons. But numerous works show that semirelativistic potential models can give better results ͑see for instance Refs. ͓13,14͔͒. Although the gluon effective mass is expected around 700 MeV ͓1,2͔, which is heavier than the assumed constituent strange quark mass, the relevance of a nonrelativistic dynamics for the gluon is questionable. Using the various models discussed below with several different sets of realistic parameters, we have always obtained values of ͱ ͗p 2 /m K 2 ͘ around unity ͑and sometimes largely above͒ when a nonrelativistic kinematics was used ͑if m K 0). As we shall see below, the model III is by nature a semirelativistic one. Both kinematics can be used for models I and II, but we have verified that the drawbacks of these two models cannot be solved by a change of kinematics. Consequently, in the following, we will only present results from spinless Salpeter Hamiltonians.
In order to avoid singularities, potentials U(r) and W X (r) of formulas ͑3͒ and ͑6͒ have been replaced by their corresponding dressed forms Ũ (r) and W X (r). Another way to get rid of singularities in the short-range potential is to treat V SR as a perturbation ͑at least when it is attractive͒ of the dominant confinement interaction. But, for a lot of states, computed with different sets of realistic parameters, the contribution of the short-range part can be comparable to the one of the confinement part. So, a perturbative approach of the singularities can hardly be justified. In the following, we will always treat the potential V SR nonperturbatively.
The tensor operator T is responsible for channel coupling. Its matrix elements are given in Appendix B. It can be shown that the total spin S of two gluons is always a good quantum numbers, but mixing of orbital momenta with the same parity is possible. For instance, the 2 ϩϩ glueball with Sϭ2 is the mixing of three states with Lϭ0, 2, and 4. But, it is not coupled with the 2 ϩϩ glueball with Sϭ0 and Lϭ2. In principle, the effect of mixing is a second-order correction with respect to the contribution of the diagonal term. In this paper, results are only shown when off-diagonal tensor contributions are neglected. Nevertheless, we will discuss below the effect of mixing for our various models.
The general characteristics of all our models are semirelativistic kinematics, all radial forms convoluted following relation ͑11͒, V SR not considered as a perturbation of V conf , and no channel coupling with T. The eigenvalue problem has been solved by the Lagrange-mesh method, which allows a great accuracy as well as for Schrödinger equation ͓15͔ as for spinless Salpeter equation ͓16͔.
In the models considered below, the gluon masses (m K and m) will be fixed by physical considerations. We are then left with three parameters: ␣ s ͑or ) for V SR , ␤ or a for V conf , and the gluon size ␥ for which less constraints exist on its value. Fortunately, the mass of the lightest 2 ϩϩ state is nearly independent of the parameters ␣ s and ␥. For this state, the spin-orbit and diagonal tensor potentials vanish and the two remaining contributions have opposite signs. So, the confinement potential is the largely dominant contribution to this 2 ϩϩ mass ͑see Figs. 1-3͒. We can fix the value of ␤ or a with this state only, knowing that a lattice calculation ͓17͔ and a quasiparticle model ͓18͔ favor a 2 ϩϩ mass around 2.4 GeV, but that some experimental candidates are found around 2 GeV ͓19,20͔. Some agreements between theoretical calculations and experimental data exist about mass ratios of some lightest glueball candidates ͑see Refs. ͓17,19,20͔ and the mass ratios in lattice calculations can be more interesting quantities to consider than absolute masses, due to the existence of normalization problems ͓17͔.
B. Model I
The first model we consider is by two aspects close to the models of Refs. ͓1͔ and ͓2͔: The short-range part is supplemented by a saturated confinement potential and the gluon is assumed to be characterized by an unique effective mass m K ϭm, around the typical value of 700 MeV. In this paper, we choose the value of Ref. ͓2͔. Nevertheless, the model is semirelativistic and the short-range part is not treated perturbatively. The particular characteristics of model I are m K ϭmϭ0.670 GeV ͓2͔ and V conf with W ␤ (r).
To find a mass of the lightest 2 ϩϩ state around 2 GeV, it is necessary to take ␤Ϸ0.2, which corresponds to a Ϸ0.08 GeV 2 , a quite unrealistic value. A mass around 2.4 GeV can be obtained with ␤Ϸ0.5 corresponding to a Ϸ0.2 GeV 2 , a more realistic value. The parameters ␤ ϭ0.5, ␣ S ϭ0.5, and ␥ϭ0.5 GeV Ϫ1 give the following lightest mass ratios: 
D. Model III
With the two previous models, the spin-orbit effect from the one gluon-exchange is too attractive and cannot be counteracted efficiently by the spin-orbit contribution coming from the confinement. A similar procedure is also proposed within the auxiliary field formalism ͑also called einbein field formalism͒ ͓22͔, which can be considered as an approximate way to handle semirelativistic Hamiltonians ͓23͔. Within this approach, the effective QCD Hamiltonian for two identical particles ͑quark or gluon͒ depends on the current particle mass m and on a state dependent constituent mass ϭͱ͗p 2 ϩm 2 ͘ ͓23͔. All corrections to the static potential are then expanded in powers of 1/ 2 . We will adapt these prescriptions in the model III. In principle, the mass appearing in the leading corrections must be replaced by the operator E(p)ϭͱp 2 ϩm 2 where m is the mass appearing in the kinetic operator. This leads to a very complicated nonlocal potential, which is very difficult to handle. So we will use an approximation.
Following the hypotheses of Ref. ͓6͔, we will assume that the gluons are massless and that the dominant effective QCD Hamiltonian H gg for a two-gluon glueball is written
The eigenvalues M nL and the constituent masses nL corresponding to this Hamiltonian are in very good approximation given by the following relations ͓23,24͔
⑀ nL is an eigenvalue of the Hamiltonian q 2 ϩ͉x͉, in which q and x are dimensionless conjugate variables. These eigenvalues can be accurately computed with a Lagrange-mesh method for instance ͓15͔. Let us note that ⑀ n0 is the nth zero of the Airy function. These constituent masses will then appear in the leading corrections to the dominant Hamiltonian H gg .
Finally, the particular characteristics of model III are m K ϭ0 and mϭ nL ͑13͒, and V conf with W a (r). Let us note that, with our hypotheses, the constituent mass depends on the principal quantum number n of the glueball, on its orbital momentum L, but not on the quantum numbers S and J.
As mentioned before, we fix the value of the string tension only with the mass of the lightest 2 ϩϩ glueball. Equation ͑13͒ shows that, in first approximation, the mass scale is simply given by ͱa G . By computing a great number of spectra for various parameters, we have remarked that the values of the lightest mass ratios M (0 ϩϩ )/M (2 ϩϩ ) and M (0 Ϫϩ )/M (2 ϩϩ ) cannot be fixed independently. Provided an approximate linear dependence is kept between the two parameters ␣ and ␥, these mass ratios do not change significantly. Finally, we have chosen to present the glueball spectra for two sets of parameters.
With aϭ0.16 GeV 2 , ␣ S ϭ0.40, and ␥ϭ0.504 GeV
Ϫ2
͑set A͒, the mass of the lightest 2 ϩϩ glueball is 2051 MeV, which is close to some experimental candidates. These values for a and ␣ S are near those used in some recent baryon calculations ͓25͔. Moreover, the value of the string tension is close to a value found in a recent lattice study ͓26͔. With a ϭ0.21 GeV 2 , ␣ S ϭ0.50, and ␥ϭ0.495 GeV Ϫ1 ͑set B͒, the mass of the lightest 2 ϩϩ glueball is 2384 MeV, which is close to a result obtained with lattice calculations. All results are presented in Table I and Fig. 4 with some results from a lattice calculations ͓17͔ and from a quasiparticle approach with no free parameters ͓18͔, and with some possible experimental candidates ͓19,20͔.
We can see that the mass ratios for the two sets of parameters are in rather good agreement with the theoretical mass ratios predicted by the lattice study ͓17͔. Moreover, the absolute masses for set B are within the theoretical error bars of the lattice masses. The largest discrepancy is for the first excited 0 ϩϩ glueball, the state predicted by the lattice calculations with the largest error bar.
Our mass ratios are similar to those obtained in the quasiparticle model ͓18͔, but are closer to the mass ratios of the lattice studies. It is worth mentioning that this quasiparticle approach contains no free parameters. Again, it favors a 2.4 GeV value for the mass of the lightest 2 ϩϩ state, like the lattice model. Ϫϩ and 1 ϩϩ states in our model may be due to the use of massive valence gluons with three states of polarization ͑creation of a spin one glueball with two massless gluons, with only two states of polarization, is problematic͒. In our model III, the gluon is massless in the kinetic part, but a constituent nonzero mass unavoidably appears for the spin corrections ͓6͔. The presence of spin one states around 3 GeV in our model could indicate what are the limits of a potential approach.
If the spin-orbit contribution from confinement is not taken into account, the agreement between our masses and the lattice results become poorer. For the parameters of set A, the mass ratio for the lightest 0
Ϫϩ glueball changes from 1.06 to 0.87, and the mass ratio for the first excited 0 ϩϩ glueball changes from 1.26 to 0.83. This shows that the spinorbit contribution from confinement is an important ingredient of the model.
The channel mixing due to the tensor force is difficult to implement within this model. As depends on the orbital momentum, the diagonal potential for each channel is characterized by a different value of . The problem is to define this parameter for the mixing potentials. We have performed several test computations using a mean value of for all channels. This gave us strong indications that the coupling of channels has a small influence on the glueball masses, contrary to the two previous models. We estimate that the masses of the lightest glueballs could be modified by a quantity comprised between 50 and 100 MeV.
IV. CONCLUSION
The masses of pure two-gluon glueballs have been studied with a semirelativistic potential model. The potential is the sum of a one-gluon exchange interaction and a linear confining potential, assumed to be of scalar type. The gluon is massless, but the leading corrections of the dominant part of the Hamiltonian are expressed in terms of a state dependent constituent mass. The Hamiltonian depends only on three parameters: the strong coupling constant, the string tension, and the gluon size. This last parameter, which is less constrained than the two others by the QCD theory, removes all singularities in the leading corrections of the potential. These corrections are not treated as perturbations of the dominant part. All masses have been accurately computed with a Lagrange mesh method.
The masses predicted by our potential model are in agreement with experimental glueball candidates only for the lightest 0 ϩϩ , 2 ϩϩ , and 0 Ϫϩ states ͓19,20͔, but are in rather good agreement with spectra obtained by a lattice calculation ͓17͔ and in reasonable agreement with spectra obtained by a quasiparticle model ͓18͔. A notable difference is the presence in our model of spin one states around 3 GeV. This could indicate the limit of the validity for a potential approach.
We have tested other nonrelativistic and semirelativistic potential models in which a constant constituent gluon mass is used, and we have found that it is not possible to obtain good spectra for realistic values of the QCD parameters ͑see Secs. III B and III C͒. The main problem arises from the strongly attractive spin-orbit potential for the one-gluon exchange. When its strength is not reduced by a large constituent gluon mass, it can lead to negative nonphysical glueball mass.
The constituent gluon mass is introduced in our model by an approximate procedure that relies on the existence of a pure linear confinement between the gluons ͓23,24͔. A more physical ansatz should be to define the constituent mass as a momentum-dependent operator (ͱp 2 for massless gluon͒ ͓7͔. It could then be possible to correctly take into account the channel coupling due to the tensor forces, and to naturally use a saturated confinement potential. It could also be interesting to compute three-gluon glueball masses within the same model. Such a work is in progress. 
͑A4͒
One can easily verify that lim ␥→0 U(r) ϭU(r) for each potential U(r).
APPENDIX B: ANGULAR MOMENTUM OPERATORS
A system of two particles, with spin s 1 and s 2 , respectively, with a total spin S and a total orbital angular momentum L coupled to a total angular momentum J, is noted here ͉L,S͘ϭ͉s 1 ,s 2 ;L,S;J͘. The mean value of the operators S 
